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Abstract
We propose a new model of leptons and quarks based on the discrete flavor symmetry T ′, the
double covering of A4, in which the hierarchies of charged fermion masses and the mildness of
neutrino masses are responsible for Higgs scalars. After spontaneous breaking of flavor symmetry,
with the constraint of renormalizability in the Lagrangian, the leptons have me = 0 and the quarks
have the Cabibbo-Kobayashi-Maskawa (CKM) mixing angles θq12 = 13
◦, θq23 = 0
◦ and θq13 = 0
◦.
Thus, certain effective dimension-5 operators are introduced, which induce me 6= 0 and lead the
quark mixing matrix to the CKM one in form. On the other hand, the neutrino Lagrangian still
keeps renormalizability. For completeness, we show numerical analysis: in the lepton sector, only
normal mass hierarchy is permitted within 3σ experimental bounds with the prediction of both
large deviations from maximality in the atmospheric mixing angle θ23 and the measured values of
reactor angle. So, future precise measurements of θ23, whether θ23 → 45◦ or |θ23 − 45◦| → 5◦, will
either exclude or favor our model. Together with it, our model makes predictions for the Dirac CP
phase, which is almost compatible with the global analysis in 1σ experimental bounds. Moreover,
we show the effective mass |mee| measurable in neutrinoless double beta decay to be in the range
0.04 . |mee|[eV ] < 0.11, which can be tested in near future neutrino experiments.
PACS numbers:
∗ Email: yhahn@kias.re.kr
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I. INTRODUCTION
In the Standard Model (SM) of particle physics with a single Higgs there are enor-
mously various hierarchies of quark and lepton Yukawa couplings, that is, mt/mu = yt/yu ∼
105, mτ/me = yτ/ye ∼ 103 etc.. In addition, there are several fundamental questions in
Yukawa sector: why the top quark is uniquely so big compared with the other fermions,
why neutrino masses are so small and so mild compared with the other charged fermions,
why both the three leptonic mixing angles and one quark mixing angle are large, while the
two quark mixing angles are so small. In some sense, our understanding of fermion masses
and mixing angles remains at a very primitive level. One of the approaches often adopted
in the understanding for a possible solution for the flavor puzzle consists of the introduction
of family symmetries which constrain the flavor structure of Yukawa couplings and lead
to predictions for fermion masses and mixings. We propose a simplified way to address
those questions in a non-Abelian discrete symmetry T ′ [1], by both introducing six types of
Higgs fields and imposing all Yukawa couplings being of order one. Then the group T ′ can
be responsible for the present Pontecorvo-Maki-Nakagawa-Sakata (PMNS) and Cabibbo-
Kobayashi-Maskawa (CKM) mixing matrices. And the hierarchies of fermions can originate
from the different Higges. The representations of T ′ are those of A4 plus three independent
doublets 2, 2′, 2′′. Similar to A4 [2–6] 1, in neutrino sector using four in-equivalent repre-
sentations 1, 1′, 1′′ and 3 one can obtain the tri-bimaximal (TBM) [7] mixing pattern. In
the presence of the doublet representations one can naturally describe the mass hierarchy
among the charged fermions and the Cabibbo angle in the CKM matrix [8].
After the relatively large reactor angle θ13 measured in Daya Bay and RENO [9] including
Double Chooz, T2K and MINOS experiments [10], the most recent analysis based on global
fits [11] of the neutrino oscillations enters into a new phase of precise determination of mixing
angles and mass squared differences, indicating that the TBM mixing for three flavors should
be corrected in the lepton sector: their allowed ranges at 1σ (3σ) from global fits are given
by
θ13 = 8.66
◦+0.44◦ (+1.30◦)
−0.46◦ (−1.47◦) , δCP = 300
◦+66◦ (+60◦)
−138◦ (−300◦) , θ12 = 33.36
◦+0.81◦ (+2.53◦)
−0.78◦ (−1.27◦) ,
θ23 = 40.0
◦+2.1◦
−1.5◦ ⊕ 50.4◦+1.3
◦
−1.3◦ 1σ, (35.8
◦
∼ 54.8◦ 3σ) ,
1 The finite group A4 describes the even permutations of four objects and possesses.
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∆m2Sol[10
−5eV2] = 7.50+0.18 (+0.59)−0.19 (−0.50) , ∆m
2
Atm[10
−3eV2] =
 2.473
+0.070 (+0.222)
−0.067 (−0.197) , NMH
2.427
+0.042 (+0.185)
−0.065 (−0.222) , IMH
,(1)
where ∆m2Sol ≡ m22 − m21, ∆m2Atm ≡ m23 − m21 for the normal mass hierarchy (NMH), and
∆m2Atm ≡ |m23−m22| for the inverted one (IMH). While there are the large values of the solar
mixing angle θsol ≡ θ12, the atmospheric mixing angle θatm ≡ θ23 and the reactor mixing
angle θreac ≡ θ13 in the lepton sector, in the quark sector the Cabibbo angle and the other
two small quark mixing angles, e.g., at 1σ level [12] read:
θq12 = (13.03± 0.05)◦ , θq23 = (2.37+0.05−0.09)◦ , θq13 = (0.20+0.02−0.02)◦ , δqCP = (67.17+2.78−2.44)◦ .(2)
The discrepancy of the mixing angles in Eqs. (1) and (2) may tell us about some new
flavor symmetries of quarks and leptons. And it is well known that the mass spectrum of
the charged fermions exhibits a strong hierarchical pattern [see Eq. (22)], unlike that of
neutrinos which shows a mild hierarchy. These facts may provide a clue to the nature of
quark-lepton physics beyond the SM 2. Therefore, it is very important to find a natural
model that leads to the observed flavor mixing patterns for quarks and leptons. In the
present article we shall build such a model to emphasize the leptonic mixing parameters and
the quarks one.
In this work we propose a new model based on flavor symmetry T ′ that can accommodate
quarks and leptons in the same framework invariant under SU(2)L×U(1)Y × T ′. We intro-
duce six types of Higgses in the Yukawa sector to depict the mass hierarchies of fermions, and
simultaneously the mixing parameters of the leptons and those of the quarks. In addition,
in order to simplify our model and to remove the unwanted Yukawa terms appearing in the
Lagrangian, we impose a continuous global symmetry which cannot be gauged. After spon-
taneous U(1)X breaking, to avoid Goldstone bosons it has to be explicitly broken down to a
subgroup. We stress that in our model CP invariance is originally explicitly broken in the
Lagrangian level by the complex Clebsch-Gordan coefficients, even though all parameters in
Lagrangian being real are imposed. The lepton sector in our model can not only naturally
explain large deviations from the TBM but also provide a possibility for low-energy CP
violation in neutrino oscillations and the mildness of neutrino masses.
2 The dada (1) and (2) at 1σ seem to disfavor the maximal mixing in the atmospheric mixing angle,
indicating that it starts to disfavor the Quark-Lepton Complementarity [13] on θq
23
+ θ23 = 45
◦, even it is
not significant yet.
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The paper is organized as follows. In the next section, we present the particle content
together with the flavor symmetry of our model and the mass terms of both neutrino and
charged fermion sectors after flavor symmetry breaking. In Sec. III, we show the neutrino
masses generated in a type seesaw-I and their mixing angles and CP violation as well as the
CKM matrix. In Sec. IV, for completeness, we show numerical analysis in the lepton sector.
Then, we give the conclusion in Sec. IV, and briefly mention about the VEV alignments and
spontaneous CP violation, as an example, in Appendix.
II. THE MODEL
In the absence of flavor symmetries, particle masses and mixings are generally undeter-
mined in a gauge theory. Here, we present a discrete symmetry model based on a T ′ flavor
symmetry for leptons and quarks in order to depict the mass hierarchies of charged fermions,
the mildness of neutrino masses, and simultaneously the present mixing parameters of the
neutrino oscillation data and those of the quarks. Moreover, we describe the model to un-
derstand CP violations in the lepton sector which is imperative, if the baryon asymmetry
of the Universe (BAU) originated from leptogenesis scenario in the seesaw models [14].
Here we recall that T ′ is the symmetry group of the double tetrahedron [1, 15]. The group
T ′ has 24 elements and has two kinds of representations. It contains the representations of
A4: one triplet 3 and three singlets 1, 1
′ and 1′′. When working with these representations
there is no distinction between the group T ′ and the group A4. In particular, in these
representations, the elements of T ′ coincide in pairs and can be described by the same
matrices that represent the elements in A4. The other representations are three boublets
2, 2′ and 2′′. The representations 1′, 1′′ and 2′, 2′′ are complex conjugated to each other.
Note that A4 is not a subgroup of T
′, since the two-dimensional representations can not
be decomposed into representations of A4. The generators S and T satisfy the relation
S2 = R, T 3 = (ST )3 = R2 = 1, where R = 1 in case of the odd-dimensional representation
and R = −1 for 2, 2′, 2′′ such that R commutes with all elements of the group. In the
three-dimensional unitary representation, there are abelian subgroups of T ′ : Z3, Z4 and Z6
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symmetries, which are generated by the elements
T =

1 0 0
0 ω 0
0 0 ω2
 , TST 2 = 13

−1 2 2
2 −1 2
2 2 −1
 , S = 13

−1 2ω 2ω2
2ω2 −1 2ω
2ω −1 2ω2
 , (3)
respectively, where ω = ei2π/3 is a complex cubic-root of unity. Especially, the elements
T and TST 2 are of importance for the structure of our model. The group T ′ has seven
irreducible representations, one triplet 3, three doublets 2, 2′, 2′′ and three singlets 1, 1′, 1′′
with the multiplication rules 1j ⊗ rk = rk ⊗ 1j = rj+k for r = 1, 2, 1j ⊗ 3 = 3 ⊗ 1j = 3,
2j ⊗ 2k = 3⊕ 1j+k = rj+k, 2j ⊗ 3 = 3⊗ 2j = 2⊕ 2′⊕ 2′′ and 3⊗ 3 = 3s⊕ 3a⊕ 1⊕ 1′⊕ 1′′,
where j, k = 0,±1 and we have denoted 10 ≡ 1, 11 ≡ 1′, 1−1 ≡ 1′′ and similarly for the
doublet representations. The sum j + k is modulo 3. The Clebsch-Gordan coefficients for
the decomposition of the product representations are shown in Ref. [15, 16].
We extend the standard model (SM) by the inclusion of an T ′-triplet of right-handed
SU(2)L-singlet Majorana neutrinos NR, and the introduction of six types of scalar Higgs
fields: the SM SU(2)L-doublet Higgs bosons Φ,Ψ, which we take to be T
′-triplets 3 repre-
sentation, the other two SU(2)L-doublet Higgs bosons H,G, which are distinguished from
Φ,Ψ by being T ′-doublets 2 representation, and another SU(2)L-doublet 2 of Higgs boson
η, which is a T ′-singlet 1 representation, finally an SU(2)L-singlet T ′-triplet 3 Higgs field χ:
Φj =
ϕ+j
ϕ0j
 , Hk =
φ+k
φ0k
 , χj,
Ψj =
ψ+j
ψ0j
 , Gk =
G+k
G0k
 , η =
η+
η0
 (4)
where j = 1, 2, 3 and k = 1, 2. According to the above Higgs scalars, we impose T ′ flavor
symmetry for leptons and quarks. And, we levy all Yukawa couplings are of order one which
implies that all the hierarchies of fermions appearing in the Lagrangian are responsible
for the Higgses we introduced economically. In addition, after spontaneous breaking of
flavor symmetry, the VEVs (vacuum expectation values) of such fields need spontaneous CP
violation. The representations of the field content of the model under SU(2) × U(1) × T ′
are summarized in Table-I, where each flavor of lepton doublets is assigned to one of the
three T ′-singlet representations: the electron-flavor to the 1, the muon flavor to the 1′′,
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and the tau flavor to the 1′, and QL denotes left handed quark SU(2)L doublet and τR, ER
and tR,UR (bR,DR) are the respective SM right handed lepton and u-type (d-type) SU(2)L
singlets, respectively. Here, the down-type fermions ER, DR and the up-type fermions UR
are assigned as T ′-doublets and right handed gauge singlets:
ER
 eRµR , DR
 dRsR , UR
 uRcR . (5)
In the presence of three T ′-triplet Higgs scalars Φ,Ψ, χ and two T ′-doublets Higgs scalars
H,G, Higgs potential Lagrangian involving interaction terms among Φ, χ, H,G, Ψ and
χ, which would be written as V (Φχ), V (ΦH), V (ΦG), V (ΨH), V (ΨG), V (Hχ), V (Gχ) and
V (Ψχ), would be problematic for vacuum stability. Such stability problems can be naturally
solved, for instance, in the presence of extra dimensions or in supersymmetric dynamical
completions [6]. In these cases, those interaction terms are either disallowed or highly
suppressed. In our model, the T ′ flavor symmetry is spontaneously broken by those T ′-
triplet and doublet scalars and T ′-singlet scalar. From the condition of the global minima
of the scalar potential, we can obtain vacuum alignments of the fields χ,Φ,Ψ, H,G relevant
to achieve our goal. The Higgs potential of our model contains many terms, which is listed
in Appendix A, Eqs. (A3)-(A9). We spontaneously break the T ′ flavor symmetry by giving
non-zero vacuum expectation values to some components of the T ′-triplets χ, Ψ and Φ. We
take the T ′ symmetry breaking scale to be above the electroweak scale in our model, i.e.,
〈χ〉 > 〈Φ0〉. As seen in Appendix A, the minimization of our scalar potential gives the
following vacuum expectation values (VEVs):
〈χ〉 = vχeiϕ(1, 1, 1) , 〈Φ0〉 = vΦe
iγ
√
2
(1, 0, 0) , 〈Ψ0〉 = vΨe
iζ
√
2
(1, 0, 0) ,
〈η0〉 = vη√
2
, 〈H0〉 = 1√
2
(vH1e
iρ1 , vH2e
iρ2) , 〈G0〉 = 1√
2
(vG1e
iσ1 , vG2e
iσ2) . (6)
The SM VEV v = (
√
2GF )
−1/2 = 246 GeV results from the combination v2 = Σk(v2η +
v2Ψ + v
2
Hk
+ v2Gk + v
2
Φ) where k = 1, 2. The non-zero expectation value 〈χ〉 ∼ (1, 1, 1)
breaks T ′ symmetry down to a residual Z4 symmetry which is generated by the group
element TST 2. The non-zero expectation values 〈Φ0〉 ∼ (1, 0, 0) and 〈Ψ0〉 ∼ (1, 0, 0) break
T ′ symmetry down to its subgroup Z3 which is generated by the group element T . The
non-zero expectation value 〈η0〉 = vη/
√
2 does not break the T ′ symmetry, because it is
T ′-flavorless. The non-zero expectation values 〈H0〉 and 〈G0〉 break T ′ → nothing with
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TABLE I: Representations of the fields under T ′ and SU(2)L × U(1)Y .
Field Lτ , Lµ, Le QL τR, ER tR,UR bR,DR NR χ η Φ H Ψ G
T ′ 1′, 1′′, 1 3 1′, 2′′ 1′, 2′ 1′, 2′′ 3 3 1 3 2 3 2
SU(2)L × U(1)Y (2,−12 ) (2, 16 ) (1,−1) (2, 23 ) (2,−13 ) (1, 0) (1, 0) (2, 12 ) (2, 12 ) (2, 12 ) (2, 12 ) (2, 12 )
hierarchical breakings. In addition to T ′ flavor symmetry, we impose an additional symmetry
U(1)X which is continuous global symmetry, where Le, Lµ, Lτ , τR, ER, bR and DR carry
X = 1 and Φ, G carry X = −1, while all other fields have X = 0. So this non-flavor
symmetry forbids some irrelevant the SU(2)L × U(1)Y × T ′ invariant Yukawa terms from
the Lagrangian (see later). And Since Goldstone bosons resulting from spontaneous U(1)X
breaking via 〈Φ〉, 〈G〉 6= 0 are not allowed phenomenologically, so the additional symmetry
U(1)X has to be explicitly broken
3 down to a subgroup Z2 under which Φ→ −Φ, G→ −G
and the fields Le, Lµ, Lτ , τR, ER, bR and DR also switch sign.
In our Lagrangian, we assume that there is a cutoff scale Λ, above which there exists
unknown physics.
A. The neutrino sector
The Yukawa interactions (d ≤ 5) in the neutrino sector invariant under SU(2)L×U(1)Y ×
T ′ can be written as
−LνYuk = yν1 L¯τ (Φ˜NR)1′ + yν2 L¯µ(Φ˜NR)1′′ + yν3 L¯e(Φ˜NR)1
+
1
2
M(N cRNR)1 +
1
2
yνR(N
c
RNR)3sχ+ h.c., (7)
where Φ˜ ≡ iτ2Φ∗ and τ2 is a Pauli matrix. Note here that there are no dimension-5 opera-
tors driven by χ field in the neutrino sector, and the above Lagrangian in neutrino sector is
renormalizable. In this Lagrangian, each flavor of neutrinos has its own independent Yukawa
term, since they belong to different singlet representations 1′, 1′′, and 1 of T ′: the neutrino
Yukawa terms involve the T ′-triplets Φ and NR, which combine into the appropriate singlet
representation. The right-handed neutrinos have an additional Yukawa term that involves
3 In Appendix A, there are interaction terms (Φ†Ψ)(Φ†Ψ), (G†H)(G†H) which break explicitly U(1)X to
remove the unwanted Goldstone bosons in the low energy spectrum.
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the T ′-triplet SM-singlet Higgs χ. The mass term 1
2
M(N cRNR)1 for the right-handed neutri-
nos is necessary to implement the seesaw mechanism by making the right-handed neutrino
mass parameter M large. The additional symmetry U(1)R, as shown before, guarantees
that the SU(2)L × U(1)Y × T ′ invariant Yukawa terms L¯e,µ,τ Ψ˜NR are forbidden from the
Lagrangian.
After the breaking of the flavor and electroweak symmetries, with the VEV alignments
as in Eq. (6) the Dirac neutrino and right-handed neutrino mass terms from the Lagrangian
(7) result in
− Lνm =
vΦe
iγ
√
2
(yν3 ν¯eNR1 + y
ν
2 ν¯µNR3 + y
ν
1 ν¯τNR2)
+
M
2
(N cR1NR1 +N
c
R2NR3 +N
c
R3NR2) +
yνRvχe
iϕ
6
{
2N cR1NR1 + 2N
c
R2NR2 + 2N
c
R3NR3
− N cR2NR3 −N cR3NR2 −N cR1NR2 −N cR2NR1 −N cR1NR3 −N cR3NR1
}
+ h.c. . (8)
Then, the neutrino Dirac mass terms and the right-handed Majorana neutrino mass terms
are expressed as
mD =
vΦe
iγ
√
2

yν3 0 0
0 0 yν2
0 yν1 0
 (9)
MR =

M + 2
3
yνRυχe
iϕ −1
3
yνRυχe
iϕ −1
3
yνRυχe
iϕ
−1
3
yνRυχe
iϕ 2
3
yνRυχe
iϕ M − 1
3
yνRυχe
iϕ
−1
3
yνRυχe
iϕ M − 1
3
yνRυχe
iϕ 2
3
yνRυχe
iϕ
 , (10)
where vΦ, y
ν
1,2,3 and M, y
ν
R, vχ are real positive variables.
B. Charged fermion sector
In the charged fermion sector, the Yukawa interactions (d ≤ 5) including dimension-5
operators driven by the χ field, invariant under SU(2)L × U(1)Y × T ′, are given by
LfYuk = LdYuk + LuYuk + LℓYuk , (11)
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where
− LdYuk = yb(Q¯LΨ)1′′bR + YdQ¯L(HDR)3
+
y
a(s)
b
Λ
[(Q¯LΨ)3χ]1′′bR +
Y d1
Λ
Q¯L(HDR)1′′χ+ Y
a(s)
d
Λ
Q¯L(HDR)3χ + h.c., (12)
−LuYuk = yt(Q¯LΦ˜)1′′tR + YuQ¯L(G˜UR)3
+
y
a(s)
t
Λ
[(Q¯LΦ˜)3χ]1′′tR +
Y u1
Λ
Q¯L(G˜UR)1′χ+ Y
a(s)
u
Λ
Q¯L(G˜UR)3χ+ h.c. , (13)
−LℓYuk = yτ L¯τη τR + YµL¯µ(HER)1′′
+
Y µ1
Λ
L¯µ[(HER)3χ]1′′ + Y
µ
2
Λ
L¯e[(HER)3χ]1 + h.c., (14)
with G˜ ≡ iτ2G∗. In the charged-lepton sector tau lepton involves the T ′-singlet η and the
T ′-singlet right-handed charged-lepton τR, while muon lepton has the T ′-doublet H and the
T ′-doublet right-handed charged-lepton ER and there is no corresponding electron lepton
term in renormalizable terms, indicating directly electron mass can be generated by the
dimension-5 operators driven by χ field. And the τ -mass is generated upon the breaking of
T ′−invariant. Thus, the third family in charged leptons is different from the two, muon and
electron. On the other hand, in the quark sectors the use of T ′-doublets H,G and triplets
Φ,Ψ Higgses can allow the third family to differ from the first two, and thus make plausible
the mass hierarchies mt ≫ mc ≫ mu and mb ≫ ms ≫ md [8]. And in the renormalizable
terms the b-quark and t-quark masses are generated upon the breaking of T ′ → Z3. Mass
terms of the quarks have two independent Yukawa terms with different couplings (yb, Yd)
and (yt, Yu) for down-type quark and up-type quark, respectively, all involving T
′-triplet
Higgs fields Φ,Ψ and doublet fields H,G. The T ′-triplet Φ is shared by both the three
neutrino Yukawa terms and top-quark Yukawa term. The T ′-doublet H is involved by the
terms associated to the T ′-doublet right-handed lepton ER and down-type quark DR. As
mentioned before, the above Yukawa Lagrangian has the additional symmetry U(1)X . This
non-flavor symmetry (continuous Global symmetry) ensures that the SU(2) × U(1) × T ′
invariant Yukawa terms Q¯L(GDR)3,Q¯L(GER)3, Q¯L(H˜UR)3, (Q¯LΦ)1′′bR and (Q¯LΨ˜)1′′tR are
absent from the Lagrangian.
In the charged fermion sectors from the Lagrangian (11), after the breaking of the flavor
and electroweak symmetries, with the VEV alignments as in Eq. (6) the up-type quark and
down-type quark mass terms result in
Lfm = Ldm + Lum + Lℓm , (15)
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where
−Ldm = yb
v˜Ψ√
2
b¯LbR +
Yd√
2
{
iv˜H1 d¯LdR +
1− i
2
s¯L (dRv˜H2 + sRv˜H1) + v˜H2 b¯LsR
}
+
v˜χ√
2Λ
{
md33 b¯LbR +m
d
23 s¯LbR +m
d
13 d¯LbR +m
d
12 d¯LsR +m
d
22 s¯LsR +m
d
32 b¯LsR
+ md11 d¯LdR +m
d
21 s¯LdR +m
d
31 b¯LdR
}
+ h.c. , (16)
−Lum = yt
v˜Φ√
2
t¯LtR +
Yu√
2
{
v˜G2 u¯LcR + iv˜G1 c¯LuR +
1− i
2
t¯L (uRv˜G2 + cRv˜G1)
}
+
v˜χ√
2Λ
{
mt33 t¯LtR +m
t
23 c¯LtR +m
t
13 u¯LtR +m
t
12 u¯LcR +m
t
22 c¯LcR +m
t
32 t¯LcR
+ mt11 u¯LuR +m
t
21 c¯LuR +m
t
31 t¯LuR
}
+ h.c. , (17)
−Lℓm = yτ
vη√
2
τ¯LτR +
Yµ√
2
µ¯L (eRv˜H2 − µRv˜H1)
+
v˜χ√
2Λ
{
mℓ12 e¯LµR +m
ℓ
22 µ¯LµR +m
ℓ
11 e¯LeR +m
ℓ
21 µ¯LeR
}
+ h.c. , (18)
with v˜Ψ = vΨe
iζ , v˜Φ = vΦe
iγ, v˜Gk = vGke
iσk , v˜Hk = vHke
iρk (k = 1, 2) and v˜χ = vχe
iϕ. In the
above Eqs. (16), (17) and (18), the entries mdij , m
t
ij and m
ℓ
ij are given in Appendix B. Then,
the down-type quark mass matrix Md is given by
Md = 1√
2

iYdv˜H1 0 0
1−i
2
Ydv˜H2
1−i
2
Ydv˜H1 0
0 Ydv˜H2 ybv˜Ψ
+ vχeiϕ√2Λ

md11 m
d
12 m
d
13
md21 m
d
22 m
d
23
md31 m
d
32 m
d
33

= V dLDiag(md, ms, mb)V
d†
R . (19)
And, the up-type quark mass matrix Mu can be explicitly expressed as
Mu = 1√
2

0 Yuv˜G2 0
iYuv˜G1 0 0
1−i
2
Yuv˜G2
1−i
2
Yuv˜G1 ytv˜Φ
 + vχeiϕ√2Λ

mt11 m
t
12 m
t
13
mt21 m
t
22 m
t
23
mt31 m
t
32 m
t
33

= V uLDiag(mu, mc, mt)V
u†
R . (20)
Finally, with the VEV alignment in Eq. (6) the charged-lepton mass matrix Mℓ can be
explicitly expressed as
Mℓ = 1√
2

0 0 0
−Yµv˜H2 Yµv˜H1 0
0 0 yτvη
 + vχeiϕ√2Λ

mℓ11 m
ℓ
12 0
mℓ21 m
ℓ
22 0
0 0 0

= V ℓL Diag(me, mµ, mτ ) V
ℓ†
R . (21)
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In Eqs. (19), (20) and (21), V fL and V
f
R are the diagonalization matrices for Mf .
There exist several empirical fermion mass hierarchies in the up- and down-type quark
and charged-lepton sectors calculated from the measured values [8] :
mu = 2.4 MeV mc = 1.27 GeV mt = 171.2 GeV
md = 4.8 MeV ms = 104 MeV mb = 4.2 GeV
me = 0.511 MeV mµ = 105.7 MeV mτ = 1.777 GeV (22)
which implies that the possible quark-lepton symmetry [17] is broken by the masses of quarks
and leptons. Thus, it is not expected that the known quark mixing pattern is transmitted to
the lepton sector in the exactly same form. In addition, a key point inferred from Eq. (22) is
that the mass spectrum of the charged leptons exhibits a similar hierarchical pattern to that
of the down-type quarks except for the electron mass which is much smaller than d-quark
one, unlike that of the up-type quarks which shows a much stronger hierarchical pattern
and top-quark is uniquely biggest. Further, there is another interesting empirical relation
|Vus| ≈
(
md
ms
) 1
2
≈ 3
(
me
mµ
) 1
2
, (23)
which has been known for quite a long time [18]. For instance, in terms of the Cabbibo angle
λ ≡ sin θC ≈ |Vus|, the fermion masses are scaled as (me, mµ) ≈ (λ5, λ2) mτ , (md, ms) ≈
(λ4, λ2) mb and (mu, mc) ≈ (λ8, λ4) mt, which may represent the followings: (i) there is
at least one Higgs scalar shared by both charged-lepton and down-type quark sectors, or
(ii) the mixing matrix of the charged lepton sector is similar to that of the down-type quark
sector, and (iii) the CKM matrix is mainly generated by the mixing matrix of the down-type
quark sector.
One of most interesting features observed by experiments on the charged fermions is that
the mass spectra of quarks and charged leptons are strongly hierarchical, i.e., the masses
of third generation fermions are much heavier than those of the first and second generation
fermions. For the elements ofMf given in Eqs. (20) and (19), taking into account the most
natural case that the charged fermion masses have the strong hierarchy mt ≫ mc ≫ mu
(mb(τ) ≫ ms(µ) ≫ md(e)) as well as Eq. (22), we make a plausible assumption
ytvΦ ≫ ybvΨ = yτvη = YuvG1 ≫ YdvH2 ≫ YuvG2 = YdvH1 . (24)
Then V fL and V
f
R can be determined by diagonalizing the matrices MfM†f and M†fMf ,
respectively, indicated from Eqs. (21), (20) and (19). Especially, the mixing matrix V fL
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becomes one of the matrices composing the PMNS and CKM ones and it will be shown
later. A general diagonalizing matrix V fL can be parameterized in terms of three mixing
angles and six phases:
V fL =

cf2c
f
3 c
f
2s
f
3e
iφf3 sf2e
iφf2
−cf1sf3e−iφ
f
3 − sf1sf2cf3ei(φ
f
1−φf2 ) cf1c
f
3 − sf1sf2sf3ei(φ
f
1−φf2+φf3 ) sf1c
f
2e
iφf1
sf1s
f
3e
−i(φf1+φf3 ) − cf1sf2cf3e−iφ
f
2 −sf1cf3e−iφ
f
1 − cf1sf2sf3ei(φ
f
3−φf2 ) cf1c
f
2
Pf , (25)
where sfi ≡ sin θfi , cfi ≡ cos θfi and a diagonal phase matrix Pf = diag(eiξ
f
1 , eiξ
f
2 , eiξ
f
3 ) which
can be rotated away by the phase redefinition of left-charged fermion fields.
1. The down-type quark sector and its mixing matrix
First, we consider the down-type quark sector. From Eq. (19) we see that the down-type
quark mass matrixMd can be diagonalized in the mass basis by a biunitary transformation,
V d†L MdV d(ℓ)R = Diag(md, ms, mb). The matrices V dL and V dR can be determined by diagonal-
izing the matrices MdM†d and M†dMd, respectively. Especially, the left-handed down-type
quark mixing matrix V dL becomes one of the matrices composing the CKM matrix such as
VCKM ≡ V u†L V dL [see Eq. (41)]. From Eq. (19) the hermitian square of the mass matrix for
down-type quark MdM†d can be obtained. And, from Eqs. (19) and (25) the mixing angles
and phases can be expressed in terms of Eq. (24) as
θd1 ≃
vχ
Λ
(
yab
2yb
+
ysb
3yb
)
, θd2 ≃
vχ
Λ
2ysb
3yb
, θd3 ≃
√
2
vH1
vH2
,
φd1 ≃
ϕ
2
+
π
2
, φd2 ≃
ϕ
2
, φd3 ≃
ρ12
2
+
1
2
arg (i− 1) , (26)
where the parameters ysb and y
a
b are positive real numbers of order unity. The empirical
relation Eq. (22) for down-type quark can be satisfied by setting as follows
vχ
Λ
(
yab
2yb
+
ysb
3yb
)
≡ Adλ2 , vχ
Λ
2ysb
3yb
≡ Bdλ3 , vH1 =
λ√
2
vH2 , (27)
where the parameters Ad and Bd are positive real number of order unity. Note that the third
relation in Eq. (27) comes from the renormalizable terms. Then, from the above relation
the mass squared eigenvalues are written as
V d†L MdM†dV dL ≡ Diag
(
m2d, m
2
s, m
2
b
)
≃ Diag
(
λv2H2√
2
Y 2d
vχ
Λ
{Y1 sin(ρ12 − ϕ) + Y2 cos(ρ12 − ϕ)} , 1
4
Y 2d v
2
H2 ,
1
2
y2bv
2
Ψ
)
, (28)
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where YdvH2 =
√
2λ2ybvΨ, and Y1 =
Y d1
Yd
+
Y a
d
4Yd
+
Y s
d
6Yd
, Y2 =
Y a
d
4Yd
+
Y s
d
6Yd
. So, one can obtain the
measured value ofmd/mb ≃ λ4. Then, we can obtain the mixing matrix V dL of the down-type
quarks: under the constraint of unitarity up to O(λ3), it can be written as
V dL =

1− λ2
2
λeiφ
d
3 Bdλ
3ei
ϕ
2
−λe−iφd3 1− λ2
2
Adλ
2ei(
ϕ
2
+π
2
)
Adλ
3e−i(φ
d
3+
ϕ
2
+π
2
) − Bdλ3e−iϕ2 −Adλ2e−i(ϕ2+π2 ) 1
Pd +O(λ4) . (29)
2. The up-type quark sector and its mixing matrix
Next, let us consider the up-type quark sector to obtain the realistic CKM matrix. From
Eq. (20) and Eq. (24) the hermitian square of the mass matrix for up-type quark MuM†u,
with the condition given in Eq. (24) the mass squared eigenvalues are written in a good
approximation as
m2t ≃
1
2
y2t v
2
Φ , m
2
c ≃
1
2
Y 2u v
2
G1
, m2u ≃
1
2
Y 2u v
2
G2
. (30)
Then, one can set mu/mt ≃ vG2/vΦ ≃ λ8 and mc/mt ≃ vG1/vΦ ≃ λ4 for equal amounts of
Yukawa couplings. And, the mixing angles and phases can be expressed in terms of Eq. (24)
as
θu1 ≃
vχ
Λ
(
yat
2yt
+
yst
3yt
)
, θu2 ≃
vχ
Λ
2yst
3yt
, θu3 ≃
vχ
Λ
(
Y au
2Yu
+
Y su
3Yu
)
φu1 ≃
ϕ
2
+
π
2
, φu2 ≃
ϕ
2
, φu3 ≃
π
2
+
ϕ
2
. (31)
Due to vχ/Λ ∼ λ2 in Eq. (27) and the measured value of mu/mc ≈ vG2/vG1 ≈ λ4 in Eq. (22),
it is impossible to generate the Cabbibo angle, λ ≈ |Vus|, from the mixing between the first
and second generations in the up-type quark sector: if one sets |(V uL )12| = θu3 , then from
Eqs. (30) and (31) one obtains |(V uL )12| ∼ vχ/Λ ≈ λ2, in discrepancy with the measured
λ ≈ |Vus|. And similar to Eq. (27), from Eq. (31) one can set
θu1 ≃ Auλ2 , θu2 ≃ Buλ3 , θu3 ≃ Cuλ2 , (32)
where Au, Bu, Cu are positive real numbers of order unity. Then, plugging Eqs. (31) and
(32) into Eq. (25) the up-type quark mixing matrix V uL can be written, under the constraint
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of unitarity up to O(λ3), as
V uL =

1 Cuλ
2ei
ϕ+π
2 Buλ
3ei
ϕ
2
−Cuλ2e−iϕ+π2 1 Auλ2ei(ϕ2+π2 )
−Buλ3e−iϕ2 −Auλ2e−i(ϕ2+π2 ) 1
Pu +O(λ4) , (33)
which indicates that the mixing matrix in the up-type quark sector can affect, at most, the
next leading order contributions in λ. Flavor-changing neutral currents (FCNCs) in up-type
quarks may restrict Au, Bu, Cu < λ, which we will not discuss.
3. The charged lepton sector and its mixing matrix
Similar to the quark sector, from Eq. (21) we see that the charged lepton mass matrix
Mℓ can be diagonalized in the mass basis by a biunitary transformation, V ℓ†L MℓV d(ℓ)R =
Diag(me, mµ, mτ ). The matrices V
ℓ
L and V
ℓ
R can be determined by diagonalizing the matrices
MℓM†ℓ andM†ℓMℓ, respectively. Especially, the charged lepton mixing matrix V ℓL becomes
one of the matrices composing the PMNS matrix such as UPMNS ≡ V ℓ†L Uν , respectively [see
Eq. (60)]. From Eq. (21) the hermitian square of the mass matrix for charged leptonMℓM†ℓ
can be obtained. From Eqs. (21) and (25) the mixing angles and phases can be expressed
in terms of Eq. (24) as
θℓ3 ≃
1√
2
Y µ2
Yµ
vχ
Λ
, φℓ3 ≃
ϕ
2
+
1
2
arg (i− 1) , (34)
and φℓ1 = φ
ℓ
2 = 0, θ
ℓ
1 = θ
ℓ
2 = 0, where the parameters Y
µ
2 , Yµ are positive real numbers of
order unity. Then, from the above relation the mass squared eigenvalues are written, in a
good approximation, as
V ℓ†L MℓM†ℓV d(ℓ)L ≡ Diag
(
m2e, m
2
µ, m
2
τ
) ≃ Diag(1
2
Y µ22 v
2
H2
(vχ
Λ
)2
,
1
2
Y 2µ v
2
H2
,
1
2
y2τv
2
η
)
.(35)
Due to the ratio of the measured valuesme/mµ ≃ λ3 andmµ/mτ ≃ λ2, they can be expressed
in terms of Eq. (21) as me/mµ ≃ Y µ2 vχ/(YµΛ) and mµ/mτ ≃ YµvH2/(yτvη). And, one can
express
vχ
Λ
Y µ2√
2Yµ
= Aℓλ
3 , (36)
where the parameter Aℓ is positive real number of order unity. Then, we can obtain the
mixing matrix V ℓL of the charged leptons: under the constraint of unitarity up to O(λ3), it
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can be written as
V ℓL =

1 Aℓλ
3eiφ
ℓ
3 0
−Aℓλ3e−iφℓ3 1 0
0 0 1
Pℓ +O(λ4) . (37)
It indicates that the effect of mixing in the charged-lepton sector to the PMNS matrix is at
least less than λ3 ≈ 0.2◦, and its contribution to the PMNS matrix is negligible because of
the relatively large reactor angle θ13 measured in Daya Bay and RENO experiments [9].
III. PMNS AND CKM MIXING MATRICES AND MASS SPECTRA
A. Quark Sector
In the weak eigenstate basis, the mass terms in Eqs. (16) and (17) and the charged gauge
interactions can be written as
−LqmW = quLMuquR + qdLMdqdR +
g√
2
W+µ q
u
Lγ
µqdL + h.c. . (38)
Let us first consider the quark sector. From Eq. (38), to diagonalize the up- and down-type
quark mass matrices such that
V f†L MfV fR = Diag(mf1 , mf2 , mf3) , (39)
we can rotate the quark fields from the weak eigenstates to the mass eigenstates:
q
u(d)
L → V u(d)†L qu(d)L , qu(d)R → V u(d)†R qu(d)R . (40)
Then, from the charged current terms in Eq. (38), we obtain the CKM matrix
VCKM = V
u†
L V
d
L . (41)
From Eqs. (29) and (33) we can obtain directly V u†L V
d
L , and by recasting the result with
the transformations d → deiξ′, c → cei(φd3−ξ+ξ′), s → sei(φd3−ξ), t → tei(φd3+ϕ2+π2−ξ) and
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b→ bei(φd3+ϕ2+π2−ξ), we can rewrite the CKM matrix as 4
VCKM =

1− λ2
2
+ Cuλ
3 sin(φd3 − ϕ2 ) λ− Cuλ2 sin(φd3 − ϕ2 ) Bλ3e−i(φ
d
3+
π
2
−ξ)
−λ+ Cuλ2 sin(φd3 − ϕ2 ) 1− λ
2
2
+ Cuλ
3 sin(φd3 − ϕ2 ) Aλ2e−iξ
′
(A−Bei(φd3+π2−ξ))λ3e−iξ′ −Aλ2 1

+ O(λ4) . (42)
where 5 A = Ad −Au, B = Bd −Bu, ξ′ ≃ Cuλ3 cos(ϕ2 − φd3) and ξ ≃ Cuλ cos(ϕ2 − φd3). If one
set Cu → 0 which can be realized by Cu ∼ Y
a
u
2Yu
+ Y
s
u
3Yu
≃ λn with n ≥ 1, and
Be−i(φ
d
3+
π
2
−ξ) = A(ρ+ iη) , (43)
then one can obtain the realistic CKM matrix in the Wolfenstein parametrization [19] given
by
VCKM =

1− λ2
2
λ Aλ3(ρ+ iη)
−λ 1− λ2
2
Aλ2
Aλ3(1− ρ+ iη) −Aλ2 1
+O(λ4) . (44)
As reported in Ref. [12] the best-fit values of the parameters λ, A, ρ¯, η¯ with 1σ errors are
λ = sin θC = 0.22543± 0.00077 , A = 0.812+0.013−0.027 ,
ρ¯ = 0.144± 0.025 , η¯ = 0.342+0.016−0.015 , (45)
where ρ¯ = ρ(1− λ2/2) and η¯ = η(1− λ2/2). The effects caused by CP violation are always
proportional to the Jarlskog invariant [20], defined as JquarkCP = Im[VudVcsV
∗
usV
∗
cd] ≃ A2λ6η
whose value is 2.96+0.18−0.17 × 10−5 at 1σ level [12].
From Eqs. (28) and (30), the observed quark masses respect the following relation
md : ms : mb ≃ vH2Yd
√
λvχ√
2Λ
{Y1 sin(ρ12 − ϕ) + Y2 cos(ρ12 − ϕ)} : 1
2
YdvH2 :
1√
2
ybvΨ ,
mu : mc : mt ≃ 1√
2
YuvG2 :
1√
2
YuvG1 :
1√
2
ytvΦ . (46)
4 Note here that since the matrix in Eq. (42) has the phase ϕ dependence which is from χ field, when
Cu → λn with n ≥ 1 (n: integer) one can re-parameterize and obtain the CKM matrix.
5 Taking into account the FCNCs in the up-type quarks we may approximate Au, Bu, Cu → 0 [see below
Eq. (33)].
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B. Lepton Sector
The mass terms in Eqs. (8) and (18) and the charged gauge interactions in the weak
eigenstate basis can be written in (block) matrix form as, using N cRmDν
c
L = νLm
T
DNR,
− LℓmW =
1
2
N cRMRNR + νLmDNR + ℓLMℓℓR +
g√
2
W−µ ℓLγ
µνL + h.c. (47)
=
1
2
(
νL N cR
) 0 mD
mTD MR
 νcL
NR
+ ℓLMℓℓR + g√
2
W−µ ℓLγ
µνL + h.c. (48)
Here ℓ = (e, µ, τ), ν = (νe, νµ, ντ ), NR = (NR1, NR2, NR3).
To find the neutrino masses and mixing matrix we are to diagonalize the 6× 6 matrix 0 mD
mTD MR
 . (49)
We start by diagonalizing MR. For this purpose, we perform a basis rotation N̂R = U
†
RNR,
so that the right-handed Majorana mass matrix MR becomes a diagonal matrix M̂R with
real and positive mass eigenvalues M1 = aM , M2 = M and M3 = bM ,
M̂R = U
T
RMRUR = M U
T
R

1 + 2
3
κeiϕ −1
3
κeiϕ −1
3
κeiϕ
−1
3
κeiϕ 2
3
κeiϕ 1− 1
3
κeiϕ
−1
3
κeiϕ 1− 1
3
κeiϕ 2
3
κeiϕ
UR =

aM 0 0
0 M 0
0 0 bM
 ,(50)
where κ = yνRvχ/M . We find a =
√
1 + κ2 + 2κ cosϕ, b =
√
1 + κ2 − 2κ cosϕ, and a
diagonalizing matrix
UR =

√
2
3
1√
3
0
− 1√
6
1√
3
− 1√
2
− 1√
6
1√
3
1√
2


ei
ψ1
2 0 0
0 1 0
0 0 ei
ψ2
2
 , (51)
with phases
ψ1 = tan
−1
( −κ sinϕ
1 + κ cosϕ
)
and ψ2 = tan
−1
( κ sinϕ
1− κ cosϕ
)
. (52)
As the magnitude of κ defined in Eq. (50) decreases, the phases ψ1,2 go to 0 or π. With the
basis rotation NR → U †RNR, the Dirac neutrino mass matrix gets modified to
mD → m˜D = mDUR = vΦe
iγ
√
2
yν3

1 0 0
0 0 y2
0 y1 0
UR , (53)
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where y1 = y
ν
1/y
ν
3 , y2 = y
ν
2/y
ν
3 . At this point,
−LmW = 1
2
(
νL N̂ cR
) 0 m˜D
m˜TD M̂R
 νcL
N̂R
 + ℓLMℓℓR + g√
2
W−µ ℓLγ
µνL + h.c. . (54)
Now we take the limit of large M (seesaw mechanism) and focus on the mass matrix of the
light neutrinos Mν ,
−LmW = 1
2
νLMννcL + ℓLMℓℓR +
g√
2
W−µ ℓLγ
µνL + h.c. + terms in NR (55)
with
Mν = −m˜D M̂−1R m˜TD. (56)
We perform basis rotations from weak to mass eigenstates in the leptonic sector,
ℓ̂L = V
ℓ†
L ℓL , ℓ̂R = V
ℓ†
R ℓR , ν̂L = U
†
ννL , (57)
where Uν , VL(R) are unitary matrices chosen so as the matrices
M̂ν = U †νMνU∗ν = −U †νmDURM̂−1R (U †νmDUR)T ,
M̂ℓ = V ℓ†L MℓVR (58)
are diagonal. From Eqs. (35) and (36) the observed charged lepton masses respect
me : mµ : mτ ≃ Aℓλ3YµvH2 :
Yµ√
2
vH2 :
yτ√
2
vη . (59)
And from the charged current term in Eq. (54) we obtain the lepton mixing matrix UPMNS
as
UPMNS = V
ℓ†
L Uν . (60)
The matrix UPMNS can be written in terms of three mixing angles and three CP -odd phases
(one for the Dirac neutrinos and two for the Majorana neutrinos) as [8]
UPMNS =

c13c12 c13s12 s13e
−iδCP
−c23s12 − s23c12s13eiδCP c23c12 − s23s12s13eiδCP s23c13
s23s12 − c23c12s13eiδCP −s23c12 − c23s12s13eiδCP c23c13
Pν , (61)
where Pν = Diag(e
−iϕ1/2, e−iϕ2/2, 1), and sij ≡ sin θij and cij ≡ cos θij .
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After seesawing, the light neutrino mass matrix is given by 6
Mν = −m˜DM̂−1R m˜TD
= e2iγm0

1 + 2e
iψ1
a
(1− eiψ1
a
)y2 (1− eiψ1a )y1
(1− eiψ1
a
)y2 (1 +
eiψ1
2a
+ 3e
iψ2
2b
)y22 (1 +
eiψ1
2a
− 3eiψ2
2b
)y1y2
(1− eiψ1
a
)y1 (1 +
eiψ1
2a
− 3eiψ2
2b
)y1y2 (1 +
eiψ1
2a
+ 3e
iψ2
2b
)y21
 , (62)
where we have defined an overall scale m0 = v
2
Φy
ν2
3 /(6M) for the light neutrino masses.
And the overall phase can be rotated away by redefining the light neutrino field. The mass
matrix Mν is diagonalized by the mixing matrix Uν ,
Mν = Uν Diag(mν1, mν2 , mν3) UTν . (63)
Here mνi (i = 1, 2, 3) are the light neutrino masses. Interestingly, the mixing matrix UR in
Eq. (51) reflects an exact TBM. Therefore Eq. (62) directly indicates that there could be
deviations from the exact TBM if the Dirac neutrino Yukawa couplings do not have the same
magnitude. In the limit yν1 = y
ν
2 , the mass matrix in Eq. (62) acquires a µ–τ symmetry [21]
that leads to θν13 = 0 and θ
ν
23 = −π/4. Moreover, in the limit yν1 = yν2 = yν3 (y1, y2 → 1), the
mass matrix (62) gives the TBM angles and the corresponding mass eigenvalues:
θν1 = −
π
4
, θν2 = 0 , θ
ν
3 = sin
−1
(
1√
3
)
,
mν1 =
3m0
a
, mν2 = 3m0 , mν3 =
3m0
b
. (64)
These mass eigenvalues are disconnected from the mixing angles. The neutrino texture in
Eq. (62) provides naturally the mildness of neutrino masses, because the components giving
the TBM are multiplied and constrained by neutrino Yukawa couplings.
Due to in general y1, y2 6= 1, there are deviations from their TBM values. Moreover, recent
neutrino data, i.e. θ13 6= 0, require deviations of y1,2 from unity because the contribution of
V ℓL in Eq. (37) from the charged-lepton sector is expected to be small, leading to a possibility
to search for CP violation in neutrino oscillation experiments. To diagonalize the above mass
matrix Eq. (62), we consider the hermitian matrixMνM†ν, from which we obtain the masses
6 The neutrino mass matrix form given by Eq. (62) is different from the one given in Ref. [5] due to the
opposite sign in front of 3e
iψ2
2b
in 2-3 sector of the light neutrino mass matrix. So, it makes a difference in
numerical results.
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and mixing angles:
MνM†ν =

A B C
B∗ F |G|eiφν1
C∗ |G|e−iφν1 K
 = Uν Diag(m2ν1 , m2ν2, m2ν3) U †ν , (65)
where
A = p+ q + 2g1 , F = y
2
2
(
p+
q
4
+ r − g1 − g2
)
, K = y21
(
p+
q
4
+ r − g1 + g2
)
,
B = y2
(
p− q
2
+
g1
2
− g3 + i3(g4 + g5)
2a
)
, C = y1
(
p− q
2
+
g1
2
+ g3 + i
3(g4 − g5)
2a
)
,
G = y1y2
(
p+
q
4
− r − g1 + ig6
)
, (66)
with
p = m20(1 + y
2
1 + y
2
2) , q = m
2
0
4 + y21 + y
2
2
a2
, r = 9m20
y21 + y
2
2
4b2
,
g1 = m
2
0 cosψ1
2− y21 − y22
a
, g2 = 3m
2
0(y
2
1 − y22)
cos γ + 2a cosψ2
2ab
,
g3 = 3m
2
0(y
2
1 − y22)
a cosψ2 − cos γ
2ab
, g4 = m
2
0(2− y21 − y22) sinψ1 ,
g5 = m
2
0(y
2
1 − y22)
a sinψ2 + sin γ
b
, g6 = 3m
2
0(y
2
1 − y22)
sin γ − 2a sinψ2+
2ab
, (67)
and γ ≡ ψ1 − ψ2 = tan−1
(
2κ sinϕ
κ2−1
)
. In the limit of y1, y2 → 1 the parameters in Eq. (67)
behave as p → 3m20, q → 6m20/a2, r → 2m20/b2 and gi → 0. So, as expected, the matrix in
Eq. (65) gives the TBM values. Similarly Eq. (25), we have three mixing angles (θν1 , θ
ν
2 , θ
ν
3),
three phases (φν1, φ
ν
2, φ
ν
3), and the three mass-squared eigenvalues. In turn, this mixing
matrix Uν becomes one of the mixing matrix composing the PMNS matrix. To see how the
neutrino mass matrix given by Eq.(62) can lead to deviations from their TBM values, we
first introduce three small quantities εi, (i = 1, 2, 3), which are responsible for the deviations
of the θj from their TBM values:
θν1 = −
π
4
+ ε1 , θ
ν
2 = ε2 , θ
ν
3 = sin
−1
(
1√
3
)
+ ε3 . (68)
Then the mixing matrix Uν up to order εi can be written as
Uν =

√
2−ε3√
3
1+ε3
√
2√
3
eiφ
ν
3 ε2e
iφν2
− (1+ε1+ε3
√
2)e−iφ
ν
3√
6
+ ε2e
i(φν1−φ
ν
2)√
3
√
2+ε1
√
2−ε3√
6
+ ε2e
i(φν1−φ
ν
2+φ
ν
3)√
6
(−1+ε1)eiφ
ν
1√
2
− (1−ε1−ε3
√
2)e−i(φ
ν
1+φ
ν
3)√
6
− ε2e−iφ
ν
2√
3
(
√
2−ε3−
√
2ε1)e
−iφν1√
6
− ε2ei(φ
ν
3−φ
ν
2)√
6
1+ε1√
2
Pν
+ O(ε2i ) . (69)
20
Now, the straightforward calculation with the general parametrization of Uν in Eq. (25)
leads to the expressions for the masses and mixing parameters
tan θν1 =
Im[C] sinφν2 − Re[C] cosφν2
Im[B] cos(φν1 − φν2) + Re[B] sin(φν1 − φν2)
, φν1 = arg(G) ,
tan 2θν2 = 2
|cν1C + eiφν1sν1B|
λ3 −A , φ
ν
2 = arg
(
cν1C + e
iφν1sν1B
)
,
tan 2θν3 = 2
|Z|
λ2 − λ1 , φ
ν
3 = arg(Z) , (70)
where cνi = cos θ
ν
i , s
ν
i = sin θ
ν
i , and
λ1 = Ac
ν2
2 − |cν1C + eiφ
ν
1sν1B| sin 2θν2 + λ3sν22 ,
λ2 = Fc
ν2
1 − |G| sin 2θν1 +Ksν21 , λ3 = Kcν21 + |G| sin 2θν1 + Fsν21 ,
Z = cν2(c
ν
1B − e−iφ
ν
1sν1C) + s
ν
2e
i(φν2−φν1)
(
sin 2θν1
K − F
2
− |G| cos 2θν1
)
. (71)
And the squared-mass eigenvalues are given by
m2ν1 =
λ1c
ν2
3 − λ2sν23
cos 2θν3
, m2ν2 =
λ2c
ν2
3 − λ1sν23
cos 2θν3
, m2ν3 = λ3 + |cν1C + eiφ
ν
1sν1B| tan θν2 . (72)
As is well-known, because of the observed hierarchy ∆m2Atm ≫ ∆m2Sol ≡ m22 −m21 > 0, and
the requirement of a Mikheyev-Smirnov-Wolfenstein resonance for solar neutrinos, there are
two possible neutrino mass spectra: (i) the normal mass hierarchy (NMH) m1 < m2 < m3,
and (ii) the inverted mass hierarchy (IMH) m3 < m1 < m2. The solar and atmospheric
mass-squared differences are given by
∆m2sol ≡ m2ν2 −m2ν1 =
2 |Z|
sin 2θν3
, ∆m2atm ≡
m2ν3 −m2ν1 , for NMHm2ν2 −m2ν3 , for IMH , (73)
which are constrained by the neutrino oscillation experimental results. We will discuss it
numerically in the next section.
Plugging Eqs. (37) and (69) into Eq. (60), the PMNS matrix is recast to
UPMNS =

Uν11 −Aℓλ3eiφℓ3Uν21 Uν12 − Aℓλ3eiφℓ3Uν22 Uν13 − Aℓλ3eiφℓ3Uν23
Uν21 + Aℓλ
3e−iφ
ℓ
3Uν11 Uν22 + Aℓλ
3e−iφ
ℓ
3Uν12 Uν23 + Aℓλ
3e−iφ
ℓ
3Uν13
Uν31 Uν32 Uν33
Pν , (74)
where the phase φℓ3 is given as Eq. (34). From Eq. (74), the neutrino mixing parameters can
be displayed in terms of the standard parametrization [8] as
sin2 θ12 =
|Ue2|2
1− |Ue3|2 , sin
2 θ23 =
|Uµ3|2
1− |Ue3|2 , sin θ13 = |Ue3| . (75)
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FIG. 1: The reactor mixing angle θ13 versus the ratio of third-to-second generation neutrino Yukawa
couplings yν1/y
ν
2 (left plot) and the parameter κ = y
ν
Rvχ/M (right plot). The (red) crosses and
(blue) dots represent the results for the inverted and the normal mass hierarchy, respectively. The
horizontal dotted (solid) lines in both plots indicate the upper and lower bounds on θ13 given in
Eq. (1) at the 3σ level (best-fit value).
Leptonic CP violation at low energies can be detected through the neutrino oscillations
which are sensitive to the Dirac CP -phase, but insensitive to the Majorana CP -phases in
UPMNS [22]: the Jarlskog invariant [20] is defined as
JCP ≡ −Im[U∗e1Ue3Uτ1U∗τ3] =
1
8
sin 2θ12 sin 2θ13 sin 2θ23 cos θ13 sin δCP , (76)
where Uαj is an element of the PMNS matrix in Eq. (74), with α = e, µ, τ corresponding to
the lepton flavors and j = 1, 2, 3 corresponding to the light neutrino mass eigenstates. And
by manipulation of Eqs. (61) and (76) one can easily obtain the Dirac CP phase :
δCP = − arg
 U∗e1Ue3Uτ1U∗τ3c12c213c23s13 + c12c23s13
s12s23
 . (77)
As expected, since the contributions of V ℓL in Eq. (37) to the PMNS matrix are negligible,
i.e., its effects O(λ3), we will consider UPMNS ≃ Uν in numerical analysis.
IV. NUMERICAL ANALYSIS
Now we perform a numerical analysis for neutrinos using the linear algebra tools in
Ref. [23].
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FIG. 2: The reactor mixing angle θ13 versus the phase ϕ. The (red) crosses and (blue) dots
represent the results for the inverted and normal mass hierarchy, respectively. The vertical dotted
(solid) lines indicate the upper and lower bounds on θ13 given in Eq. (1) at the 3σ level (best-fit
value).
The mass matrices m˜D and M̂R in Eq. (62) contains seven parameters:
yν3 , vΦ,M, y1, y2, κ, ϕ. The first three (y
ν
3 , M and vΦ) lead to the overall neutrino scale
parameter m0. The next four (y1, y2, κ, ϕ) give rise to the deviations from TBM as well
as the CP phases and corrections to the masse eigenvalues [see Eq. (64)]. Since we have
a relation vχ/Λ ∼ λ2 in the charged fermion sector, for the cutoff scale Λ = 1015 GeV we
take M = 1013 GeV and vΦ = 172
√
2 GeV, for simplicity, as inputs. Since the neutrino
masses are sensitive to the combination m0 = v
2
Φ|yν23 |/(6M), other choices of M and vΦ give
identical results. Then the parameters m0, y1, y2, κ, ϕ can be determined from the exper-
imental results of three mixing angles, θ12, θ13, θ23, and the two mass squared differences,
∆m2Sol,∆m
2
Atm. In addition, the CP phases δCP , ϕ1,2 can be predicted after determining the
model parameters. (Here, we will not discuss the Majorana CP phases ϕ1,2.)
Using the formulae for the neutrino mixing angles and masses and our values of M, vΦ,
we obtain the following allowed regions of the unknown model parameters: for the normal
mass hierarchy (NMH),
0.21 . κ . 0.86 , 1.04 . y1 . 1.37 , 1.04 . y2 . 1.39 ,
96◦ . ϕ . 121◦ and 239◦ . ϕ . 257◦ , 1.1 . m0 × 10−2[eV] . 3.6 ; (78)
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FIG. 3: The behaviors of θ23 and θ12 in terms of θ13. The red crosses and the blue dots represent
results for the inverted mass hierarchy and the normal mass hierarchy, respectively. The dotted
vertical lines represent the experimental bounds of Eq. (1) at 3σ’s.
for the inverted mass hierarchy (IMH),
0.81 . κ . 2 , 0.91 . y1 . 1.09 , 0.91 . y2 . 1.08 ,
116◦ . ϕ . 248◦ , 1.6 . m0 × 10−2[eV] . 2.2 . (79)
Note that here we have used the 3σ experimental bounds on θ12, θ23,∆m
2
Sol,∆m
2
Atm in
Eq. (1), except for θ13 < 12
◦ for which we use the values in Eqs. (78,79). For these parameter
regions, we investigate how mixing parameters do behave for the NMH and IMH. In Figs. 1-
5, the data points represented by blue dots and red crosses indicate results for the NMH
and IMH, respectively. The left-hand-side plot in Fig. 1 shows how the mixing angle θ13
depends on the ratio y1/y2 = y
ν
1/y
ν
2 of the third- and second-generation neutrino Yukawa
couplings; the right-hand-side plot shows how θ13 depends on the parameter κ = y
ν
Rvχ/M .
Fig. 2 shows the mixing angle θ13 as a function of the phase ϕ of y
ν
Rvχ/M . As can be seen
in Figs. 1-2, only normal mass hierarchy is permitted within 3σ experimental bounds. And
we see that the measured value of θ13 from the Daya Bay and RENO experiments can be
achieved at 3σ’s for 0.92 . y1/y2 < 1, 1 < y1/y2 . 1.06, 0.2 . κ . 0.7, 95
◦ . ϕ . 115◦ and
245◦ . ϕ . 255◦ for NMH. For IMH, in Figs. 1-2 the value of θ13 reaches at most 3◦, which
is excluded by the measurements of θ13.
Fig. 3 shows how the values of θ13 depend on the mixing angles θ23 and θ12. As can be
seen in the left plot of Fig. 3, the behavior of θ23 in terms of the measured values of θ13 at
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FIG. 4: The Jarlskog invariant JCP versus the reactor angle θ13 (left plot), and the Dirac CP phase
δCP versus θ23 (right plot). The (red) crosses and (blue) dots represent the results for the inverted
and normal mass hierarchy, respectively. The vertical dotted (solid) lines indicate the upper and
lower bounds on θ13 given in Eq. (1) at the 3σ level (best-fit value).
3σ’s for the NMH is different than for the IMH. As already mentioned, the IMH is excluded
by the measured values of θ13 in Fig. 3. For the NMH we see that the measured values of
θ13 can be achieved for 49.5
◦ . θ23 . 54.8◦ and 35.8◦ . θ23 . 40.5◦, with large deviations
from maximality, which are favored at 1σ by the experimental bounds as can be seen in
Eq. (1). Future precise measurements of θ23, whether θ23 → 45◦ or |θ23 − 45◦| → 5◦, will
either exclude or favor our model. From the right plot of Fig. 3, we see that the predictions
for θ13 do not strongly depend on θ12 in the allowed region.
To see how the parameters are correlated with low-energy CP violation observables mea-
surable through neutrino oscillations, we consider the leptonic CP violation parameter de-
fined by the Jarlskog invariant in Eq. (76) which can be expressed in terms of the elements
of the matrix h =MνM†ν [22]:
JCP = − Im{h12h23h31}
∆m221∆m
2
31∆m
2
32
. (80)
The behavior of JCP as a function of θ13 is plotted on the left plot of Fig. 4. We see that the
value of JCP lies in the ranges 0.006 ∼ 0.03 and −0.03 ∼ −0.004 (NMH) for the measured
value of θ13 at 3σ’s. Also, in our model we have
Im{h12h23h31} = 27m
6
0
4a4b3
y21y
2
2(y
2
1 − y22) sinψ2{....} , (81)
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FIG. 5: Plots of |mee| as a function of θ13 and mlightest. The red crosses and the blue dots represent
results for the inverted and the normal mass hierarchy, respectively. The vertical dashed lines show
the experimental bounds of Eq. (1) at 3σ’s.
in which {.....} stands for a complicated lengthy function of y1, y2, a, b, ψ1 and ψ2. Clearly,
Eq. (81) indicates that in the limit of y2 → y1 or sinψ2 → 0 the leptonic CP violation JCP
goes to zero. When y2 6= y1, i.e. for the IMH case, JCP could go to zero as sinψ2 of Eq. (81)
[see, Eq. (52) and Fig. 2]. In the case of the NMH, JCP has nonzero values for the measured
range of θ13 while JCP goes to zero for θ13 → 0, which corresponds to y2 → y1. The right
plot of Fig. 4 shows the behavior of the Dirac CP phase δCP [see Eq. (77)] as a function of
θ23, where the values of δCP lie in the ranges 0
◦ < δCP . 60◦, 130◦ . δCP < 180◦, 180◦ <
δCP . 240
◦ and 310◦ . δCP < 360◦ for the NMH (for the IMH, δCP can vary over a wide
range, but which is excluded by the measured values of θ13). Interestingly, for the best-fit
values of θ23 the values of δCP are predicted as the one around 10
◦, 170◦, 190◦, 350◦ for NMH.
So, future precise measurements of θ23 will provide more information on δCP .
Moreover, we can straightforwardly obtain the effective neutrino mass |mee| that charac-
terizes the amplitude for neutrinoless double beta decay [25]:
|mee| ≡
∣∣∣∣∣∑
i
(UPMNS)
2
eimi
∣∣∣∣∣ , (82)
where UPMNS is given in a good approximation as Eq. (69). The left and right plots in
Fig. 5 show the behavior of the effective neutrino mass |mee| in terms of θ13 and the lightest
neutrino mass, respectively. In the left plot of Fig. 5, for the measured values of θ13 at 3σ’s,
the effective neutrino mass |mee| can be in the range 0.04 . |mee|[eV] < 0.11 for NMH. The
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right plot of Fig. 5 shows |mee| as a function of mlightest, where mlightest = m1 for the NMH
and mlightest = m3 for the IMH. Our model predicts that the effective mass |mee| is within
the sensitivity about 10−2 eV of planned neutrinoless double-beta decay experiments [26].
V. CONCLUSION
Under SU(2)L × U(1)Y gauge symmetry, we have proposed a new model of leptons and
quarks based on the discrete flavor symmetry T ′, the double covering of A4. Here we impose
that all Yukawa couplings be of order one, which implies that the hierarchies of charged
fermion masses and the mildness of neutrino masses are responsible for six types of Higgs
scalars. In addition to the gauge and flavor symmetries, in order to simplify our model and
to remove the unwanted Yukawa terms appearing in the Lagrangian we have introduced
a continuous global symmetry U(1)X which can not be gauged. After spontaneous U(1)X
breaking, to avoid Goldstone bosons it has to be explicitly broken down to a subgroup
Z2. After spontaneous breaking of flavor symmetry, with the constraint of renormalizability
in the Lagrangian, the leptons have me = 0 and the quarks have CKM mixing angles
θq12 = 13
◦, θq23 = 0
◦ and θq13 = 0
◦. Thus, certain effective dimension-5 operators driven by the
gauge-singlet and T ′-triplet χ field are introduced as an equal footing, which induce me 6= 0
and lead the quark mixing matrix to the CKM one in form. On the other hand, the neutrino
Lagrangian still keeps renormalizability. We have assumed that there is a cutoff scale Λ,
above which there exists unknown physics.
We have shown numerical analysis in the lepton sector of our model, where only normal
mass hierarchy is permitted within 3σ experimental bounds with the prediction of both large
deviations from maximality in the atmospheric mixing angle θ23 and the measured values of
reactor angle. So, future precise measurements of θ23, whether θ23 → 45◦ or |θ23−45◦| → 5◦,
would either exclude or favor our model. Together with it, our model has made predictions
both for the Dirac CP phase 0◦ < δCP . 60◦, 130◦ . δCP < 180◦, 180◦ < δCP . 240◦ and
310◦ . δCP < 360◦, which is almost compatible with the global analysis in 1σ experimental
bounds. Moreover, we have shown the effective mass |mee| measurable in neutrinoless double
beta decay to be in the range 0.04 . |mee|[eV ] < 0.11 for the normal hierarchy, which could
be tested in near future neutrino experiments.
27
Appendix A: The Higgs potential
Φ
Ψ
χ
η
H
G
y = 0 y = L/2 y = L
FIG. 6: Fifth dimension and locations of scalar and fermion fields.
In this Appendix, as an example, we present our Higgs potential and its minimization,
as well as our prescription for effecting the stability of the vacuum alignment. We solve the
vacuum alignment problem by extending the model into a spatial extra dimension y [24].
We assume that each field lives on a 4D brane either at y = 0 or at y = L/2 or at y = L,
as shown in Fig. 6. The heavy neutrino masses and the neutrino Yukawa interactions arise
from local operators at the branes y = 0 and y = L/2, while the charged fermion masses
are realized by non-local effects involving both branes y = 0, y = L/2 and y = L. We
impose that all the parameters appearing in the Lagrangian are assumed to be real. Once
the scalars Φ,Ψ, χ,H,G acquire complex VEVs at the different branes, the CP symmetry
can be spontaneously broken. A rigorous explanation of this possibility is beyond the scope
of this paper.
The most general scalar potential (d ≤ 5) for the Higgs fields Φ, H,Ψ, G, η and χ invariant
under SU(2)L × U(1)Y × T ′ and obeying the conditions in the previous paragraph, is then
given by
V = Vy=0 + Vy=L
2
+ Vy=L, (A1)
where
Vy=0 = V (Φ) + V (Ψ) + V (ΦΨ)
Vy=L
2
= V (χ) + V (η) + V (χη)
Vy=L = V (H) + V (G) + V (HG) , (A2)
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and 7
V (Φ) = µ2Φ(Φ
†Φ)1 + λ
Φ
1 (Φ
†Φ)1(Φ
†Φ)1 + λ
Φ
2 (Φ
†Φ)1′(Φ
†Φ)1′′
+ λΦ3 (Φ
†Φ)3s(Φ
†Φ)3s + λ
Φ
4 (Φ
†Φ)3a(Φ
†Φ)3a + λ
Φ
5 {(Φ†Φ)3s(Φ†Φ)3a + h.c.} , (A3)
V (Ψ) = µ2Ψ(Ψ
†Ψ)1 + λ
Ψ
1 (Ψ
†Ψ)1(Ψ
†Ψ)1 + λ
Ψ
2 (Ψ
†Ψ)1′(Ψ
†Ψ)1′′ + λ
Ψ
3 (Ψ
†Ψ)3s(Ψ
†Ψ)3s
+ λΨ4 (Ψ
†Ψ)3a(Ψ
†Ψ)3a + λ
Ψ
5 {(Ψ†Ψ)3s(Ψ†Ψ)3a + h.c.} , (A4)
V (ΦΨ) = λΦΨ1 (Φ
†Φ)1(Ψ
†Ψ)1 + λ
ΦΨ
2 (Φ
†Φ)1′(Ψ
†Ψ)1′′ + λ
ΦΨ
3 (Φ
†Φ)3s(Ψ
†Ψ)3s
+ λΦΨ4 (Φ
†Φ)3a(Ψ
†Ψ)3a + λ
ΦΨ
5 {(Φ†Φ)3s(Ψ†Ψ)3a + h.c.}
+ λΦΨ6 {(Φ†Φ)3a(Ψ†Ψ)3s + h.c.}+ λΦΨ7
{
(Φ†Ψ)1(Φ
†Ψ)1 + h.c.
}
+ λΦΨ8
{
(Φ†Ψ)1′(Φ
†Ψ)1′′ + h.c.
}
+ λΦΨ9
{
(Φ†Ψ)3s(Φ
†Ψ)3s + h.c.
}
+ λΦΨ10
{
(Φ†Ψ)3a(Φ
†Ψ)3a + h.c.
}
+ λΦΨ11
{
(Φ†Ψ)3s(Φ
†Ψ)3a + h.c.
}
+ λΦΨ12 (Φ
†Ψ)1(Ψ
†Φ)1 + λ
ΦΨ
13
{
(Φ†Ψ)1′(Ψ
†Φ)1′′ + h.c.
}
+ λΦΨ14 (Φ
†Ψ)3s(Ψ
†Φ)3s
+ λΦΨ15 (Φ
†Ψ)3a(Ψ
†Φ)3a + λ
ΦΨ
16 {(Φ†Ψ)3s(Ψ†Φ)3a + h.c.} , (A5)
V (H) = iµ2H(H
†H)1 + λ
H
1 (H
†H)1(H
†H)1 + λ
H
2 {(H†H)3(H†H)3 + h.c.} , (A6)
V (G) = iµ2G(G
†G)1 + λ
G
1 (G
†G)1(G
†G)1 + λ
G
2 {(G†G)3(G†G)3 + h.c.} , (A7)
V (HG) = λHG1 (H
†H)1(G
†G)1 + λ
HG
2 (H
†G)1(G
†H)1 + λ
HG
3 {(G†H)1(G†H)1 + h.c.}
+ λHG4 {(H†H)3(G†G)3 + h.c.}+ λHG5 {(H†G)3(G†H)3 + h.c.}
+ λHG6 {(G†H)3(G†H)3 + h.c.} , (A8)
V (χ) = µ2χ {(χχ)1 + (χ∗χ∗)1}+m2χ(χχ∗)1 + λχ1 {(χχ)1(χχ)1 + (χ∗χ∗)1(χ∗χ∗)1}
+ λχ2 {(χχ)1′(χχ)1′′ + (χ∗χ∗)1′(χ∗χ∗)1′′}
+ λ˜χ2 {(χ∗χ)1′(χχ)1′′ + (χ∗χ)1′′(χ∗χ∗)1′}
+ λχ3 {(χχ)3s(χχ)3s + (χ∗χ∗)3s(χ∗χ∗)3s}+ λ˜χ3 (χ∗χ)3s {(χχ)3s + (χ∗χ∗)3s}
+ λχ4 {(χ∗χ)3a(χχ)3s + (χχ∗)3a(χ∗χ∗)3s}
+ ξχ1 {χ(χχ)3s + χ∗(χ∗χ∗)3s}+ ξ˜χ1 {χ(χ∗χ∗)3s + χ∗(χχ)3s} ,
+
ζχ1
Λ
{(χχ)1(χχχ)1 + (χ∗χ∗)1(χ∗χ∗χ∗)1}+ ... + ζ
χ
13
Λ
{...} , (A9)
7 In V (H) and V (G) the terms iµ2H(H
†H)1 and iµ
2
G(G
†G)1 are expanded as iµ
2
H(H
†
1
H2 − H†2H1) and
iµ2G(G
†
1
G2 −G†2G1), respectively.
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V (η) = µ2η(η
†η) + λη(η†η)2 , (A10)
V (χη) = λχη1 (η
†η){(χχ)1 + (χ∗χ∗)1}
+
ξχη1
Λ
(η†η){(χχχ)1 + (χ∗χ∗χ∗)1}+ ξ
χη
2
Λ
(η†η){(χ∗χχ)1 + (χχ∗χ∗)1} . (A11)
Here, µΦ, µΨ, µH , µG, µη, µχ, mχ, ξ
χ
1 , ξ˜
χ
1 , ζ
χ
1...13 and ξ
χη
1,2 have a mass dimension, whereas λ
Φ
1,...,5,
λΨ1,...,5, λ
H
1,2, λ
G
1,2, λ
η, λχ1,...,4, λ˜
χ
2,3, λ
ΦΨ
1,...,16, λ
HG
1,...,4 and λ
χη are all dimensionless. And in V (χ)
“ · · ·” denotes dimension-5 operators composed of all possible combinations of χ fields.
1. Minimization of the neutral scalar potential
After the breaking of the flavor and electroweak symmetry, in the neutral Higgs sector,
in order to find minimum configuration of the Higgs potential, we in general let
〈Φi〉 =
 0
1√
2
vΦje
iγj
 , 〈Ψj〉 =
 0
1√
2
vΨje
iζj
 , 〈η〉 =
 0
1√
2
vηe
iθ
 ,
〈Hk〉 =
 0
1√
2
vHke
iρk
 , 〈Gk〉 =
 0
1√
2
vGke
iσk
 , 〈χj〉 = vχjeiϕj , (A12)
with j = 1 − 3, k = 1, 2, where vΦj , vΨj , vη, vHk , vGkvχj are real and positive, and γj, ζj,
ρk, σk, ϕj are physically meaningful phases. Note that we can set θ = 0 without loss of
generality because θ does not have physical meanings [see, Eqs. (A9)-(A11)]. First, at the
brane y = 0 the vacuum configuration for Φ and Ψ is obtained by vanishing of the derivative
of V with respect to each component of the scalar fields Φj and Ψj . Then, we have six
minimization equations for VEVs and six equations for phases. From those equations, we
can get 8
υ2Φ ≡ υ2Φ1 = −
18µ2Φ + v
2
ΨW
2(9λΦ1 + 4λ
Φ
3 )
6= 0 , 〈Φ2〉 = 〈Φ3〉 = 0 ,
υ2Ψ ≡ υ2Ψ1 = −
18µ2Ψ + v
2
ΦW
2(9λΨ1 + 4λ
Ψ
3 )
6= 0 , 〈Ψ2〉 = 〈Ψ3〉 = 0 , (A13)
where W = 9λΦΨ1 +4λ
ΦΨ
3 +9λ
ΦΨ
12 +4λ
ΦΨ
14 +2(9λ
ΦΨ
7 +4λ
ΦΨ
9 ) cos 2(γ− ζ) with γ ≡ γ1, ζ ≡ ζ1,
and υΦ and υΨ are real. With the vacuum alignments of Φ,Ψ fields, Eq. (A13), minimal
condition with respect to γj , ζj are given as
− ∂V
∂γ1
∣∣∣ = ∂V
∂ζ1
∣∣∣ = v2Φv2Ψ
9
(
9λΦΨ7 + 4λ
ΦΨ
9
)
sin 2(γ − ζ) = 0 , (A14)
8 Of course, there are trivial solutions vΦ1 = 0, vΨ1 = 0. We have neglected them.
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where γ = γ1, ζ = ζ1, and
∂V
∂γ2,3
∣∣∣ = ∂V∂ζ2,3 ∣∣∣ = 0 is automatically satisfied.
Second, at the brane y = L/2 the vacuum configuration for χ and η is obtained by
vanishing of the derivative of V with respect to each component of the scalar fields χj and
η. For simplicity, we consider only the renormalizable terms in V (χ) and V (χη). Then, we
have seven minimization equations for four VEVs and three phases. From those equations,
we can get 9
υ2χj = −
mχ + 2(µ
2
χ + v
2
ηλ
χη) cos 2ϕ
12{(λχ1 + λχ2 ) cos 4ϕ+ λ˜χ2 cos 2ϕ}
= υ2χ 6= 0 , (A15)
where υχ is real, and ϕ1 = ϕ2 = ϕ3 = ϕ is used. With the vacuum alignment of χ fields,
Eq. (A15), minimal condition with respect to ϕi is given for ϕ1 = ϕ2 = ϕ3 as
− 1
4
∂V
∂ϕj
∣∣∣ = v2χ {v2ηλχη + µ2χ + 3v2χ (λ˜χ2 + 4(λχ1 + λχ2 ) cos 2ϕj)} sin 2ϕj = 0 , (A16)
with i = 1, 2, 3. And, requiring vanishing of the derivative of V with respect to η,
1
2
∂V
∂η0
∣∣∣<χ>=vχ
<η0>=vη
= vη
{
v2ηλ
η +
µ2η
2
+ 3λΦχv2χ cos 2ϕ
}
= 0 , (A17)
and, we obtain the VEV of η for 〈χ〉 = vχeiϕ(1, 1, 1),
v2η =
−µ2η − 6v2χλχη cos 2ϕ
2λη
. (A18)
Finally, at the brane y = L the vacuum configuration for H and G is obtained by vanishing
of the derivative of V with respect to each component of the scalar fields Hi and Gi. Then,
we have eight minimization equations for four VEVs and four phases. From those equations,
we can get
1
2
∂V
∂H01
∣∣∣<G0j>=vGj
<H0j>=vHj
= vH1
{
2v2H2λ
H
1 (cos 2ρ12 − 1)− λHG2 v2G2
}
+ vH2
{
µ2H sin ρ12
− vG1vG2
(
2λHG1 sin σ12 sin ρ12 − λHG2 cos(σ12 + ρ12)
)}
= 0 ,
1
2
∂V
∂H02
∣∣∣<G0j>=vGj
<H0j>=vHj
= vH2
{
2v2H1λ
H
1 (cos 2ρ12 − 1)− λHG2 v2G1
}
+ vH1
{
µ2H sin ρ12
− vG1vG2
(
2λHG1 sin σ12 sin ρ12 − λHG2 cos(σ12 + ρ12)
)}
= 0 , (A19)
9 There are trivial solutions vχj = 0. We have neglected them.
12
∂V
∂G01
∣∣∣<H0j>=vHj
<G0j>=vGj
= vG1
{
2v2G2λ
G
1 (cos 2σ12 − 1)− λHG2 v2H2
}
+ vG2
{
µ2G sin σ12
− vH1vH2
(
2λHG1 sin σ12 sin ρ12 − λHG2 cos(σ12 + ρ12)
) }
= 0 ,
1
2
∂V
∂G02
∣∣∣<H0j>=vHj
<G0j>=vGj
= vG2
{
2v2G1λ
G
1 (cos 2σ12 − 1)− λHG2 v2H1
}
+ vG1
{
µ2G sin σ12
− vH1vH2
(
2λHG1 sin σ12 sin ρ12 − λHG2 cos(σ12 + ρ12)
) }
= 0 . (A20)
where ρ12 ≡ ρ1 − ρ2 and σ12 ≡ σ1 − σ2. And, we obtain the VEVs of H and G:
vH1 =
µ2H sin ρ12 − vG1vG2Y
2vH2λ
H
1 (1− cos 2ρ12) + λHG2 v2G2/vH2
,
vH2 =
µ2H sin ρ12 − vG1vG2Y
2vH1λ
H
1 (1− cos 2ρ12) + λHG2 v2G1/vH1
,
vG1 =
µ2G sin σ12 − vH1vH2Y
2vG2λ
G
1 (1− cos 2σ12) + λHG2 v2H2/vG2
,
vG2 =
µ2G sin σ12 − vH1vH2Y
2vG1λ
G
1 (cos 2σ12 − 1)− λHG2 v2H1/vG1
, (A21)
where Y = 2λHG1 sin σ12 sin ρ12 − λHG2 cos(σ12 + ρ12). With the vacuum alignment of H and
G fields, Eqs. (A19) and (A20), minimal condition with respect to ρj , σj is given as
− 1
2
∂V
∂ρ1
∣∣∣ = 1
2
∂V
∂ρ2
∣∣∣ = vH1vH2{− µ2H cos ρ12 + 2vH1vH2λH1 sin 2ρ12
+ vG1vG2
(
2λHG1 sin σ12 cos ρ12 + λ
HG
2 sin(σ12 + ρ12)
) }
= 0 , (A22)
−1
2
∂V
∂σ1
∣∣∣ = 1
2
∂V
∂σ2
∣∣∣ = vG1vG2{− µ2G cosσ12 + 2vG1vG2λG1 sin 2σ12
+ vH1vH2
(
2λHG1 sin ρ12 cosσ12 + λ
HG
2 sin(ρ12 + σ12)
) }
= 0 . (A23)
Appendix B
In Eq. (18) the components mℓij are given by
mℓ11 = Y
µ
2
(
1− i
2
v˜H2 + iv˜H1
)
, mℓ12 = Y
µ
2
(
1− i
2
v˜H1 + v˜H2
)
,
mℓ21 = Y
µ
1
(
1− i
2
v˜H2 + iv˜H1
)
, mℓ22 = Y
µ
1
(
1− i
2
v˜H1 + v˜H2
)
. (B1)
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In Eq. (16) the components mdij are given by
md11 = −Y d1 v˜H2 − Y ad
1− i
4
v˜H2 + Y
s
d
(
2i
3
v˜H1 −
1− i
6
v˜H2
)
md12 = Y
d
1 v˜H1 + Y
a
d
(
1
2
v˜H2 −
1− i
4
v˜H1
)
− Y sd
(
1
3
v˜H2 +
1− i
6
v˜H1
)
, md13 = v˜Ψ
2ysb
3
,
md21 = −Y d1 v˜H2 + Y ad
(
1− i
4
v˜H2 −
i
2
v˜H1
)
− Y sd
(
i
3
v˜H1 +
1− i
6
v˜H2
)
md22 = Y
d
1 v˜H1 + Y
a
d
1− i
4
v˜H1 + Y
s
d
(
2
3
v˜H2 −
1− i
6
v˜H1
)
, md23 = −v˜Ψ
(
yab
2
+
ysb
3
)
,
md31 = −Y d1 v˜H2 + Y ad
i
2
v˜H2 + Y
s
d
(
1− i
3
v˜H2 −
i
3
v˜H1
)
,
md32 = Y
d
1 v˜H1 − Y ad
1
2
v˜H2 + Y
s
d
(
1− i
3
v˜H1 −
1
3
v˜H2
)
, md33 = v˜Ψ
(
yab
2
− y
s
b
3
)
. (B2)
And, in Eq. (17) the components mtij are given by
mt11 = Y
a
u
(
1− i
4
v˜G2 −
i
2
v˜G1
)
− Y su
(
1− i
6
v˜G2 +
i
3
v˜G1
)
mt12 = Y
a
u
(1− i)
4
v˜G1 + Y
s
u
(
2
3
v˜G2 −
1− i
6
v˜G1
)
, mt13 = v˜Φ
2yst
3
mt21 = Y
a
u
i
2
v˜G1 + Y
s
u
(
− i
3
v˜G1 +
1− i
3
v˜G2
)
mt22 = −Y au
1
2
v˜G2 + Y
s
u
(
1− i
3
v˜G1 −
1
3
v˜G2
)
, mt23 = −v˜Φ
(
yat
2
+
yst
3
)
,
mt31 = −Y au
1− i
4
v˜G2 + Y
s
u
(
2i
3
v˜G1 −
1− i
6
v˜G2
)
,
mt32 = Y
a
u
(
1
2
v˜G2 −
1− i
4
v˜G1
)
− Y su
(
1− i
6
v˜G1 +
1
3
v˜G2
)
, mt33 = v˜Φ
(
yat
2
− y
s
t
3
)
.(B3)
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